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We consider the motion of a heavy solid with internal cyclical motions in a heavy ideal
fluid of infinite extent under the conditions that the weight of the body and the Archi-
medean buoyant force form a couple, and that the impulsive force is vertical (the Chap-
lygin condition [1]).

Three new special cases in which the equations of motion of the above mechanical
system are integrable [1 — 5] are considered, The equations in these cases admit of a
system of three linear particular solutions, It is shown that all of these particular solu-
tions are expressible in terms of elliptic functions of time, and that the rotational portion
of the motions of the solid in the fluid described by these particular solutions is similar
to the motion of a balanced gyrostat [6].

Algebraic solutions containing two arbitrary constants are given by Clebsch's second
and third cases of integrability of the Kirchhoff-Clebsch equations [2 and 3] of the clas-
sical problem of internal motion of a solid bounded by a simply connected surface through
an ideal fluid of infinite extent in all directions. These algebraic solutions immediately
yield the "complete set" of four first integrals required for reduction of the problem to
quadratures,

Liapunov [7] noted that Clebsch’s third case of integrability could be considered as a
certain limiting case of his second case, The fourth first integrals for these Clebsch cases
are represented in a single form,

The fourth integrals in the classical cases of Steklov and Liapunov were reduced to a
single form by Kolosov [8] and Kharlamov [9 and 10],

1, We consider the problem of motion in an unbounded ideal homogeneous imcom-
pressible fluid of a heavy solid bounded by a simply connected surface with multiply con-
nected cavities filled completely with an ideal fluid engaged in nonvortical motion,

The Chaplygin conditions [1] apply, i. e, the weight of the body and the fluid in its cavi-
ties and the Archimedean buoyant force form a couple, We assume that the motion of
the boundless fluid due to the motion of the solid in it is nonvortical and that the fluid
is at rest at infinity,
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To within a constant determined by the cyclical motion of the liquid filling the cavi-
ties of the solid, thg ‘kigletic energy T of such a system is given by

T= .%. 2 ’2_} (a4;P1P5+ buRgRj 4 2e;PiR;),  aj;= aj, by=by
{=1 j=1
where ayy, by, ¢yy°are constants specific to the given system, and where R, Rs, Ry and
Py, Py, Py. are the projections of the impulsive force R and of the impulsive couple P
of the system (without allowance for the cyclical motion of the fluid in the cavities of
the solid) on the axes of the rectangular coordinate system oz,zs2s rigidly connected to
the sotid,
Denoting the projections of the translational and instantaneous angular velocities of

the solid on the moving axes by Uy, Us, Us and @, s, @s, we obtain the following
expressions for these projections [3]: .

ar oT
Us=3g 0, = 3P, (1=1,3,9)
1 i

Assuming that the impulsive force is directed along the line of action of the gravita-
tional force, we can write the following equations of motion of the heavy solid in a fluid
under the Chaplygin conditions [1 — 5]:

ir Ft + Ry — 04ty =0 )
Fi-+ O (Po+ ga) — s (Py+ go) + UsBy — UsRy = raRy—ryRty (129 (1-1)

Here .g = (g, g3, g1) is the vector of the kinetic moment with respect to the origin
of the moving axes of the cyclical motion of the liquid in the cavities of the solid ;

r = (ry, T3, rs) is a vector proportional to the radius vector constructed from the centroid
of the volume bounded by the surface of the body immersed in the unbounded fluid to
the center of mass of the solid and the liquid filling its cavities,

As was shown by Zhukovskii [6], the liquid circulating in the cavities of the body can
be replaced by rotating flywheels with steady relative motions, and that this can be done
without altering the equations of motion of the system under consideration. Similar
equations describe the inertial motion in an unbounded fluid of a solid bounded by a
multiply connected surface (Kharlamov [5]).

Egs. (1.1) have the three first integrals [2 ~ 5]

T — rRy — ryR2 — ryRy = const, R,? + R¥ 4 Rs® = const (1.2)
(Py + )Ry + (Ps + ga) Ry + (P + g5) Ry = const

2, Let us consider the special cases of integrability of Eqs, (1.1) in which the latter
have a system of three linear particular solutions,
3

Z @;P;+BR) =2 (i=1,2,3), @, B, & =const 21)

=
With suitably chosen coordinate axes, system of solutions (2.1) can be written as [11]
P; + k‘R‘ =8 (i=1,23) (2.2)

where the constants kg and & must be determined,
Kharlamov [10] obtained the following conditions of existence of system of solutions
(2.2) of Egs, (1.1): 2.3)
byy — ewwkyE (eq — anky) (ks — ky) = O, biy — esrbsT (c1a — aroka) (ks — k) = 0 (123)
by — b + (cps — exy) by + (cas — can) ks + agka (ks — k) = 0 a23)  (2.4)
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a8 + epass + apts = % (8 + gy) (123) (2.5)
(csa — agsks) (8 + §1) — (c1s — auaks) (52 +- g2) = 0 (123) (2.6)
ry 4 % (ks — ko) (s, + £1) + (c2a — aaaka) (51 + £1) — (c13 — aroko) (53 + g2) = 5,8, +
2153 + ease (123) 2.7)
ry— % (ks — ks) (s; + &1) + (css — assks) (s; + £1) — (c1a — @rska) (s3 + g8) = cusy +
-+ense + emss (123)

Here x is sormne parameter,
Relations (2. 3) - (2. 7) are the conditions of mechanical realizability of these motions

of the solid in the fluid, If these conditions are satisfied by some real values of the con-
stants k;, s; (§ = 1,2,3),the motions in question are possible ; if they cannot be so satis-

fied, the motions are impossible,
From now on we shall confine ourselves to the case where

(ky — k) (ks — k) (ks — k) 5= 0 (2.8)

Conditions (2, 3) then yield the relations
c1s = Qigka, cm = agiky, by = arakyka (123) 2.9
This ensures satisfaction of conditions (2.6), and the expression for the double kinetic
energy of the system becomes (2.10)
27 =) [anPy* + 2013P Pa+ 20y PyR, + 2013 (ky Ry Py + kaRaPy) + by Ry® -+ 2015kka Ry Ro)

(138)
Here and below the summation symbol with the index (123) means that the terms not

written out are to be obtained from the given terms by cyclic permutation of their sub-
scripts 1, 2 and 3,
Further, solving Egs, (2. 5) for $;, ss and s3, we obtain
8 = %A1 {[(as2 — %) (833 — %) — azs?] g + [assa8; — 11 (ass — %)) g2 +
+ [a13a05 — ag1 (322 — %)] g8} (123) (2.11)
A = (ay; — %) (833 — %) (a33 — %) — a5 (ay; — %) — ag;® (agg — %) — a1s? (ags — %)
3. Let
€1y = C13 == Cgg = ¢ 3.19)
Egs. (2.4) then yield the conditions  py, by,  beg— by byy — bgg
a1 aga =
{as — asy) kake -} (13 — an) kaky + (@11 — ags) kyky =0
which give us the following equations :

bll = b + TaAg2lys, kaks =0 + Tayy (123) (3.2)
where ¥, t and o are arbitrary parameters, The second group of relations (3, 2) yields
Egs. 6+ Taxn) (6+ ta

oo YCFTm Gt 33)
VG + van
Subtracting and adding Egs, (2.7) term by term and taking into account relations
(2. 8), (2 9),(3.1) and (3.2), we obtain u_._—cs/21:

1 .
= Z [2kikesks — o (ks + k2 4 ka)] (31 + 81) —  Fakoken + — km —cgr gz (34)

Thus, if the double kinetic energy of the system is given by Formula (2,10), if Eqs,
(3.1) —(3.3) hold, and if the quantities r;, r2. and rs are given by Formulas (3, 4), then
Eqgs, (1.1) of the motion of such a solid in a fluid admit of system of linear particular
solutions (2,2) in which the constants s, s; and ss are given by Formulas (2,11) for

= — 0/ 2t; the problem then reduces to elliptic functions of time (see Section 6).

Specifically, the Steklov case [12] applies for aja = a3 = ass = 0, gy = g2 = g3 = 0,

n=ra=ry=20.
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4, If along with conditions (3,1) we have

Gyy 29 gy = agy == a (4.1)
then Eqs, (2. 4) yield the condition

(Das — bus) kaks + (bas — bu) kaky + (byy — baa) kyky = 0

kiky = by + ¢/ a (123
Substituting these equations into (2. 4), we arrive at the condition at = =~ 1, so that
akokg = 0 — bll {123) (4.2)

so that

From this we readily obtain

. Y (6—bsx) (5—bg) _
ky==e V'm e=11) (123) 4.3

Egs. (2, 7) with allowance for (2, 8),(2.9),(3.1).(4.1) and (4,2) yield Eq, x = Yau
and the following expressions for the quantities ry, rs and re!
n=alath—k)(n+g)+—ak)e  am (4.4
Thus, if the double kinetic energy of the system is given by Formula (2.10), if Eqs,
(3.1),(4.1) and (4, 3).hold, and if the quantities ry, 72 and ry are given by Formulas(4.4),
then Egs. (1.1) of the motion of the solid in a fluid have system of linear particular solu-
tions (2.2) in which the constants s, s, and s; are given by Formulas (2, 11) for x = 1/5a;
The problem then reduces to elliptic functions of time,

. It is easy to verify the following statement, If the double kinetic energy of the

system is given by (2.10), if 2
@11 == a3 = Ggs = 4, byp == byy == bgg == b, ky = 5 (c2a + eas — 2¢n) (123)
and if the quantities ry, ra, 7s are given by the expressions
3ry = (e -+ cps — 2cm) 83 — (e33 + c22 + cas) gy (123)

where the constants s, s; and ss are given by Formulas (2,11) for x = a/ 4, then Egs,
(1.1) of the motion of such a solid in a fluid have system of linear particular solutions
{2.2), and the problem reduces to elliptic functions of time,

Specifically, for aig = a3 = a;y = 0, g, = g3 = gg= 0and r, = r3 = ry = Owe have
the integranle case established by Steklov [12],

6. Let us show that the special cases of integrability of Eqs. (1. 1) cited in Sections
3 - 5 are reducible to elliptic functions of time and that the rotational portion of the
motions of the heavy solid in a fluid described by these particular solutions is similar to
the motion of a balanced gyrostat,

In fact, the double kinetic energy of the system is of the form (2,10) for all these par-
ticular solutions, and the constants ¥, ky and kg are related to ay, by and ¢y by relations
(2.4). Computing the components of the instantaneous angular velocity of the solid and
making use of solutions (2.2) and relations (2, 5), we obtain

0 = (cu—ayk)Ry + % (s + gy) 123

Lty % (%1 + £1)

T o — ekl oy — anks (133) (6.1)
Substituting these expressions for-Ry, Ry and Ry into the first group of Eqs. (1.1), we

obtain the following equations for the rotation of the solid :

This gives us
Ry
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do
/1 —d?l" = (J3— J») 0208 + ma@3 — mawa (128) (6.2)
Ty = _t ___xmte)
1= ey — aukl (123), my = ~- n —'_an_—kl (123)

These equations are similar to the equations of motion of a balanced gyrostat [6].

The difference between the latter equations and those derived above consists in the fact
that Jy, J2 and J, are positive in the case of the balanced gyrostat, while some of our
Jy, Ja.and Jy can-be negative,

Volterra [13] showed that the general solution of Eqs, (6.2) can be expressed in terms
of elliptic functions of time, Hence, by virtue of relations (2,2) and (6. 1), the particular
solutions of Eqs, (1, 1) given in Sections 3 — 5 can also be expressed in terms of elliptic
functions of time,

Zhukovskii [6] provided a geometric interpretation of the motion of a balanced gyro-
stat, Steklov [4] showed that a similar pattern of motion is exhibited by bodies the rota-
tional portion of whose motion is described by Eqs, (6.2) in which some of the quantities
Jy, J2'and Jycan be negative,

7. Let us consider the case where there are no internal cyclical motions in the solid
and where the solid moves in the fluid by inertia, We confine our attention to the fol-
lowing expression for the double kinetic energy of the system:

2T = ) (P + biRi? + 2 PLR))
(133)
We introduce the expressions
Jl = Px + kl.Rl (123)
in which the constants &y, ks and ks are related to a4, by and ¢; (i = 1,2,3) by relations
(2.4).
It is easy to show that these expressions satisfy Eqs.

dJ .
",}T!' == (a3 — as) JaJs + [¢s — ca + ag (ka — k1) — asks] Rs/2 +

+ [ca— c2 4 ag (ky — ke) + asks] ReJs (123)
Multiplying these equations by ksksJ;, ksk;Js and kikeJs , respectively, and adding
them term by term, we obtain Eq,
5 3 Chaklsd 4 kT3 bakaT ) =
== [(as — az) kaks + (a1 — aa) kokr + (a3 — ar)k1k2] JoJoTs +
+ Z ks {ks [ca — c3 + az (ks—k1)—dsks]+ k1 [er — cs + 63 (ks — ks) + asks]} RaJ1Js
(123)
which, on fulfillment of the conditions
(a3 — a3) ksks + (a, — as) kaky + (a3 — ay) kyks = O (7.1)
ks (kolca — co + as (kg ~— ky) — agks] + kyle; — 3 + ay (ks — kg) - agka]) = 0 (123)

7.
yields the integral (7.2)
kgka.’lz + kaklju’ + k‘lkgja’ == const (7-3)
Making use of relations (2. 4), we can write conditions (7,2) in the form
(cx—c))(by + ks — k) kg = 0 (123 (7.4)

8, Let us satisfy conditions (7, 4) by setting
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g =C¢1=C3=¢ 8.1)
Relations (2. 4) and (7,1) then yield relations (3.2) and (3. 3), Integral (7. 3) becomes
o Vo + tas) (5 F vaq) ]"‘
P — Ry] = const 8.2
(122:.')<<s+ral)[ N i~ ' (8.2)

or
T (aIPI’ + az Py? + agPg? + ‘l.’lIz(_lsRl2 -|- Tasa Ry? + ra;ast“) + a2 (Rl2 + Ra? + Raz) +
+ 6P+ P+ Pyt v (as+ as) Ri? + 7 (a3 + a1) R + 7 (a1 + a2) R?] +-
+ 2e V (o+va1) (6 + Ta2) (6 + vaa) (P1R1 4 PaR2 -+ PaR3) = const (8.3)
since @ is arbitrary and does not enter into Egs, (1, 1), Eq, (8. 3) implies that
a1 P2+ ax P -} aa P2 + TasasRy? + 1230, Ra? + 112 Ryt = const
PRy + PR3 -+ PsRjy == const, R2 4 Ry 4 Rg? = const
P24 P2 4 Pgt+ v (as + ag) B2+ v (as + a1) B2 4 v (a1 + a2) R =const (8.5)
Integrals (8.4) are the known Kirchhoff integrals of (1.2), and (8, 5) is the fourth alge-
braic first integral for the second integrable case of Clebsch [3],
Thus, if the double kinetic energy of the system is given by

2T = ) [P+ 2cP1Ry + (b + Tazas) Ry?]
(123)

(8.4)

and if

&1 =g1=¢g3=0, n=ri=ryg=0
then Eqgs, (1,1) admit of integral (8,2), which immediately yields the "complete set” of
the four first integrals(8, 4), (8. 5) required for reduction of the problem to quadratures,
The second integrable case of Clebsch [3] has been obtained.

8, In addition to conditions (8.1) let us also stipulate that
4 = gy == ag == a

Egs. (2.4) then yield relations (4,2) and (4. 3). Integral (7.3) can be written as

(6 — bg) (6 — bg) 2
Z (s — b)) [Pl +e V(G}/'a(_:)—i—iﬁ ) Rl] = const 9.1)

(123)
Since s is arbitrary and does not appear in Egs, (1.1), Eq. (9.1) implies that

a(Py? + Py + Py?) — (by -+ by) Ry® — (b + by)R3: — (by + bs) Rs® = const  (9.2)
PyR; + P3Ry + PgR3 = const, R + R;2 4 Rs® = const
a (blPl2 + bzP,a + bapsz) _— bzbaRln — bgbanz _ blbgnaa = const (93)

Integrals (9.2) are the Kirchhoff integrals of (1, 2), and ('9. 3) is the fourth algebraic
first integral for the third integrable case of Clebsch [3], Thus, if

27 = E (aPs? + 2cP Ry + bRy, f1=fr==gy=10
(123) rn=re=—rg=— 0

then Egs. (1.1) have first integral (9, 1), which immediately yields the complete set of
the four first integrals (9, 2), (9. 3) required for reduction of the problem to quadratures,
The third integrable case of Clebsch [3] has been obtained,
Thus, we have shown in Sections 7 — 9 that the fousth algebraic first integrals in the
second and third integrable cases of Clebsch can be expressed in the same form (17, 3),
In conclusion we note that the forms of integrals (8,2) and (9. 1) "naturally” imply
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two special cases of integrability characterized by systems of three linear particular
solutions and conforming to the assumption that the arbitrary constants in the right sides
of integrals (8,2) and (9.1) are equal to zero, The first of these cases of integrability
was noted by Stekiov [12].
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